Abstract. The dynamics of the Brans-Dicke theory with a quadratic scalar field potential function and barotropic matter is investigated. The dynamical system methods are used to reveal complexity of dynamical evolution in homogeneous and isotropic cosmological models. The structure of phase space crucially depends on the parameter of the theory ω BD as well as barotropic matter index w m . In our analysis these parameters are treated as bifurcation parameters. We found sets of values of these parameters which lead to generic evolutional scenarios. We show that in isotropic and homogeneous models in the Brans-Dicke theory with a quadratic potential function the de Sitter state appears naturally. Stability conditions of this state are fully investigated. It is shown that these models can explain accelerated expansion of the Universe without the assumption of the substantial form of dark matter and dark energy. The Poincare construction of compactified phase space with a circle at infinity is used to show that phase space trajectories in a physical region can be equipped with a structure of a vector field on nontrivial topological closed space. For ω BD < −3/2 we show new types of early and late time evolution leading from the anti-de Sitter to the de Sitter state through an asymmetric bounce. In the theory without a ghost we find bouncing solutions and the coexistence of the bounces and the singularity. Following the Peixoto theorem some conclusions about structural stability are drawn.
Introduction
In cosmology, which is understood as the physics of the Universe, at the very beginning there appears the problem of indeterminacy of initial conditions for the Universe. To tackle it, there are two complementary strategies employed in modern cosmological investigations. Theoretical cosmology is dedicated to the presentation of theoretical possibilities admissible for any initial conditions, whereas the main aim of observational cosmology is to constrain these theories as well as models derived from them. The latter usually assumes the form of an effective theory of the Universe and the task left to observational cosmology is to estimate the cosmological parameters from astronomical data.
Theory of gravity governing cosmic expansion of the Universe constitutes a very complicated system of nonlinear differential equations and only under some simplified assumptions it can be solved. In cosmology, the cosmological principle (i.e. the assumption of the homogeneity and isotropy of the space) is just an idealization of the Universe on the large scale. This principle determines the universal cosmic time and hence one can consider the dynamics of expansion of the Universe. From the mathematical point of view, the complicated dynamical evolution is reduced to the dynamical system dx/dt = f (x), where x is a state of the system vector and f (x) is a smooth function. The solution of the system is a function of both the cosmological time t and initial conditions x 0 , i.e. x(t, x 0 ). In this way, the dynamical system methods are available for investigation of the degree of complexity of cosmic evolution. There are two main advantages of using these methods in the context of cosmology. First, they offer a mathematical language of studying all solutions of the system for all admissible initial conditions. Second, all knowledge concerning the dynamical behavior can be acquired without knowledge of its exact solution.
In cosmology, dynamical system methods have long tradition of successful applications [1] [2] [3] . A cosmic evolution determined by a model is represented by trajectories in the phase space (a space of all states at any instant of time t). The special role in organization of the phase space is played by the critical points which, from the physical point of view, correspond to stationary states of the system. The trajectories representing system evolution as well as critical points constitute the global phase portrait of the dynamics. This portrait contains all information about dynamics modulo homeomorphism preserving direction of time along the trajectories. Dynamical systems methods give us mathematical tools of description of the system's trajectories in a neighborhood of the non-degenerate critical points only in terms of its linearization.
In the present paper we apply the dynamical system methods to investigation of cosmological dynamics in the Brans-Dicke theory. This study extends previous investigations of Brans-Dicke cosmological systems [4] [5] [6] [7] to the case of models with a scalar field with a potential. We additionally postulate the presence of a barotropic matter and due to a suitable choice of state variables reduce it to the form of a three dimensional dynamical system. In the special case of a quadratic potential the dynamical system can be considered on the phase plane.
Our study of the dynamics in the phase plane is complete in this sense that all representative phase diagrams are draw. It is important because the right hand sides of the dynamical system under consideration depend on some parameters. We show how phase diagrams qualitatively change with respect to the values of model's parameters like the Brans-Dicke parameter ω BD and the equation of state coefficient w m for the barotropic matter. There are two cosmological reasons for studying global dynamics for all initial conditions. First, we are looking for an alternative explanation of the conundrum of acceleration of the Universe, alternative to the explanation in terms of the substantial dark energy of unknown form. We also explain dark matter in terms of the Brans-Dicke theory and the parameter ω BD . Second, we reconstruct the relation of variability of the effective gravitational constant.
The full analysis of dynamical behavior requires analysis of the system at infinity. If right hand sides of a dynamical system are given in a polynomial form then the projective variables can be used for such an analysis. For the system with a quadratic form of the potential function, the circle at infinity, in generic cases, consists of degenerate critical points. We show that this is the result of chosen phase space variables. This observation gives rise to a new phase space which possesses non-trivial topology. On such a manifold system is smooth and the phase space is finite. Then all the critical points are hyperbolic and the system is structurally stable. From the physical point of view this property can be interpreted as property of the model itself -stability of the model under small perturbation.
We demonstrate how the standard cosmological model (ΛCDM model) is derived from the Brans-Dicke cosmological models. On the level of a model (rather then theory) the linearization of the dynamical system around a critical point representing the de Sitter state reproduces, but not exactly, the ΛCDM model. While the equation of state coefficient for barotropic matter can assume an arbitrarily small value, the case of the fine tuning of a dust matter is excluded. In other words the correspondence of the Brans-Dicke cosmology with the ΛCDM model is achieved for all matter besides dust w m = 0.
Different values of the bifurcation parameter corresponding to low energy string theory limit ω BD = −1 and the so-called "O'Hanlon theory" or "massive dilaton grav-ity" [8, 9] with ω BD = 0 are studied. The conformal coupling value ω BD = −3/2 is excluded form our investigations since this value can not be crossed by continuous change of the parameter of the theory and this value leads to pathologies [10] . The case ω BD = 0 is much better known as f (R) gravity. The quadratic potential function considered in this paper leads to f (R) ∝ R 2 gravity for which de Sitter solutions exist for all values of the scalar curvature R. The stability of these solutions for the most general inhomogeneous and anisotropic space-times was proven in [11] .
In general case the phase space is 3-dimensional, for a very popular quadratic potential it reduces to a 2-dimensional case which enables us to represent the global dynamics on the phase plane. We study this dynamics in details and observe that inclusion the cosmological constant in the model leads to structurally unstable system [12] [13] [14] because of the presence of a degenerated non-hyperbolic critical point.
The paper is organized as follows: in section 2 we formulate the Brans-Dicke cosmological models on the flat Friedmann-Robertson-Walker background. Introducing new phase space variables we reduce dynamics of the model to a 3-dimensional dynamical system. In section 3 we present detailed qualitative dynamical analysis of the system with a quadratic potential function. This form of the potential constitutes an invariant sub-manifold of the original system. In subsection 3.1 we present phase space diagrams for all regions of the parameter space (w m , ω BD ) while in subsection 3.2 we present the analysis of dynamics of the Brans-Dicke scalar field. The results are summarized in section 4.
The Brans-Dicke cosmology
The action for the Brans-Dicke theory [15] in the so-called Jordan frame is of the following form [16] 
where the barotropic matter is described by 2) and ω BD is a dimensionless parameter of the theory. Varying the total action (2.1) with respect to the metric tensor we obtain the field equations for the theory
3) where the energy momentum tensor for the matter content is
Taking the trace of (2.3) one obtains
Variation of the action with respect to φ gives the dynamical equation for the scalar field 6) and using (2.5) to eliminate the Ricci scalar R, one obtains
In the model under considerations we use the spatially flat Friedmann-RobertsonWalker metric ds 8) and the matter content is described by the barotropic matter with equation of state p m = w m ρ m , where p m and ρ m are the pressure and the energy density of the matter, and w m is the equation of state parameter. Then, the energy conservation condition is
the acceleration equation has the following forṁ 10) and the dynamical equation for the Brans-Dicke scalar reduces tö
In what follows we introduce following energy phase space variables
the energy conservation condition (2.9) can be presented as 13) and the acceleration equation (2.10) aṡ
(2.14)
The dynamical system describing the evolution of the Brans-Dicke theory of gravity with a scalar field potential and the barotropic matter has the following form
,
To solve this system of equations we need to assume some form of the Γ = Γ(λ) function. Then the critical points of the system (2.15), which represent asymptotic states of the system, depend on this Γ(λ) function. In our previous paper [17] we have investigated dynamics of the system (2.15) in the vicinity of critical point corresponding to the de Sitter expansion. We were able to find stability conditions of this state whilst the dynamics of the Universe, for suitable initial conditions, mimics the standard cosmological model ΛCDM.
While the system (2.15) is the 3-dimensional dynamical system we can postulate some general form of the Γ(λ) function [18] and search for critical points and their stability, one can notice that for arbitrary power-law potential functions of the type V (φ) = V 0 φ n system reduces to a 2-dimensional one, i.e. the power-law potentials are invariant submanifolds of the system (2.15).
Simple inspection of the acceleration equation (2.14) and the system (2.15) for the power-law potential λ = −n confirms that the de Sitter expansion is possible only for the quadratic n = 2 or the linear n = 1 potential function. On the other hand, one can calculate the mass of the Brans-Dicke scalar field in both the Einstein and the Jordan frames [19] . In the Einstein frame one has
17) while in the Jordan frame
For the linear potential function the scalar field φ has a finite range in the Einstein frame and is tachyonic in the Jordan frame. Only the quadratic potential function with n = 2 leads to the BD field φ which has an infinite range in both frames [19] .
A quadratic potential function
In this section we present a detailed dynamical analysis of the system (2.15) with a quadratic potential function V (φ) = V 0 φ 2 . Within this assumption we have λ = −2 and dynamics reduces the 2D dynamical system.
Before we proceed to investigation of the system with the barotropic matter content, let us find solutions for the vacuum case. These solutions play the crucial role in our system, namely, they divide the phase space into two distinct regions. The physical trajectories are located in one region while the non-physical in the other.
In vacuum, the energy conservation condition (2.13) is
and the acceleration equation (2.14) simplifies tȯ
Then the dynamics of the vacuum model with a quadratic potential function is completely determined by the single equation
which can easily be solved in the following parametric form
where a (i) and x (i) are the initial condition for the scale factor and the variable x. In the case of so-called "O'Hanlon theory" with ω BD = 0 this equation simplifies to a a (i)
Now, using this solution one can find an exact form of the Hubble function
Taking the initial conditions at present epoch close to de Sitter state, x (i) = x 0 ≪ 1, one can expand this function to
which indicates that close to de Sitter state and for x 0 < 0 expansion of universe mimics expansion of the standard cosmological model -the ΛCDM model. We can proceed now to investigation of the non-vacuum model. For the model with barotropic matter content the acceleration equation iṡ 8) and the effective equation of state parameter is
The dynamical system describing dynamics of the model with a quadratic potential function is in the following form
The right hand sides of this system are polynomial in the phase space variables and we are able to use standard dynamical system methods to investigate the phase space structure as well as linearized solutions in the vicinity of the stationary states [13, 14] . In our analysis we treat the model parameters, i.e. the Brans-Dicke parameter ω BD and the equation of state parameter w m of barotropic matter, as bifurcation parameters and search for values for which the dynamics changes dramatically.
In table 1 we have gathered the critical points of the system (3.10) with corresponding eigenvalues of the linearization matrix.
The critical points:
where the eigenvalues of the linearization matrix are
(1 − 3wm) 2 + 36(y * 4 ) 2 (1 + wm) Table 1 . The critical points of the system under considerations (3.10) with a quadratic potential function.
1 − y * 1 are the initial conditions, and a (i) is the initial value of the scale factor. Using relations (3.8) and (3.9) one can calculate the effective equation of state coefficient at this critical point
Now using (3.11) we are able to calculate corresponding formula for the Hubble function. The equation (3.8) up to linear terms in initial conditions reduces to
and after integration we obtain
Up to linear terms in ∆x this equation reduces to
16) where we reintroduced scale scale factor τ = ln a a
1 is the initial value of the scale factor in the vicinity of the critical point. Now using the energy conservation condition (2.13) and the linearized solutions (3.11) we obtain the linearized solution for the barotropic matter density parameter
Finally we obtain
where
The Hubble function (3.18) resembles Hubble's formula for two component universe filled with stiff matter and barotropic matter, with small distinction due to the BransDicke parameter ω BD encoded in x * 1 . Note that in the vicinity of this critical point the density parameter of a barotropic matter Ω m behaves differently than in the general relativity and scales with the scale factor as ∝ a 3(1−wm)+x * 1 instead of ∝ a −3(1+wm) which indicates departure form standard general relativity. Additionally, density parameter of barotropic matter observed in the Hubble function can be larger or smaller than the matter content included in the model by hand depending on the value and sign of the Brans-Dicke parameter ω BD .
The critical point x *
, y * 2 = 0 with the effective equation of state parameter
Using the linearized solutions in the vicinity of this critical point
where the eigenvalues of the linearization matrix are 2 is the initial value of the scale factor near the critical point, one can easy obtain corresponding formula for the Hubble function. The acceleration equation (3.8) 
and after integration we obtain the following formula
is the coordinate of the critical point. This Hubble's function describes evolution of the barotropic matter dominated universe with contribution from Brans-Dicke parameter included in the exponent x * 2 . For universe filled with radiation w m = 1 3 we obtain pure radiation dominated evolution and the contribution form Brans-Dicke parameter vanishes, while for different matter content effective evolution of universe in the vicinity of this critical point can be quite different. In the case of so-called "O'Hanlon gravity" with ω BD = 0 and arbitrary matter content universe effectively behaves also like the radiation dominated universe.
The critical points: x * 3 = 0, y * 3 = ±1 with the effective equation of state parameter
describe the de Sitter expansion and contraction, respectively. The linearized solutions in the vicinity of these points are
where λ 1 = −3 and λ 2 = −3(1 + w m ) are the eigenvalues of the linearization matrix and ∆x = x
3 − y * 3 are the initial conditions. The critical point under considerations is stable during expansion of universe for all matter beyond phantom matter. For matter in form of cosmological constant w m = −1 one of the eigenvalues vanishes leading to structurally unstable system. Again, using these linearized solutions we are able to obtain the Hubble function in the vicinity of the critical point corresponding to de Sitter expansion or contraction in the following form
, (3.27) where
and in the linear approximation we can express the energy conservation condition (2.13) as
The Hubble function (3.27) in the vicinity of de Sitter state resembles the Hubble function for the ΛCDM model with the Ω DM,0 parameter playing the role of the dark matter density parameter. Note that inclusion of the dust matter w m = 0 leads to degenerated critical point (both eigenvalues assume the same value) and then terms proportional to the natural logarithm of the scale factor appear in the Hubble function.
) with the effective equation of state parameter
and the energy conservation condition (2.13) calculated at these points gives
The condition for the critical points to describe physical state is Ω m * 4
> 0. We begin with solutions at the critical points. Using effective equation of state parameter we have .
(3.33)
We can also find the variability of the field φ with respect to the cosmological time t. The resulting differential equation iṡ
and the solution is
The solution for the scale factor can be presented in the following form
where φ * 4 is value of the field φ and a * 4 is the value of the scale factor at time t = t 0 . Note that for the matter content in the form of cosmological constant w m = −1 these solutions represent pure de Sitter state with a(t) = a
The linearized solutions in the vicinity of this critical point can be presented in the following form
and the matrix P is given by
and
Using the linearized solutions and the acceleration equation (3.8) we obtain the following form of the Hubble function
One can easily check that the conditions for the critical point under considerations be stable (a stable node or a stable focus) give that the matter content in the model must be in the form of the phantom matter w m < −1. Then we obtain that as universe expands the Hubble function tends to infinity. 
Phase space diagrams
We now proceed to the detailed discussion of the phase space diagrams presented in this subsection. Dynamics of the model described by system (3.10) depends on the two parameters: the equation of state parameter w m and the parameter of the theory ω BD . The character of the critical points of system (3.10) crucially depends on the values of these parameters. We treat both those parameters as bifurcation parameters. In order to obtain maximal information about dynamics for various values of the model parameter we divided space of the parameters (w m , ω BD ) into a few regions which enables us to present the specific dynamics with respect to values of this parameters. In figures 1 and 2 we presented the phase space diagrams for the model filled with dust matter w m = 0 and all possible values of the BD parameter ω BD . In figure 3 the dynamics of the model filled with radiation is presented. Dynamics of the model with the cosmological constant is visualized in figures 4 and 5. Figures 6, 7 and 8 present the structure of the phase space for a low-energy string theory limit ω BD = −1 for all possible values of the barotropic matter equation of state parameter, while figures 9, 10 and 11 give structure of the phase space for the so-called "O'Hanlon theory" with ω BD = 0.
All the phase space diagrams represent two types of evolution. In upper half of the phase space the trajectories of expanding models are located, while in lower half 
contracting. Direction of the arrows indicates direction of the cosmological time t.
In all diagrams the phase space is divided into two regions, physical (white) one and nonphysical one (shaded). The condition for physical region is given by (2.13)
The trajectories located at the border, i.e. where Ω m = 0, are the trajectories of the vacuum models. Note that there is a special case when the meaning of the regions can be reversed. In the case when φ < 0 and in scalar field potential function V 0 < 0, the physical interpretation of the regions is reversed. It is very interesting that in this case interpretation of the scalar field as the effective gravitational coupling constant leads to anti-gravity and de Sitter state is still a stable node type critical point.
For example, on the first diagram in figure 3 we presented evolutional paths of the model filled with radiation w m = 1/3 and for positive value of Brans-Dicke parameter ω BD > 0. The white region in the physical one where φ > 0 and Ω m > 0. The paths for contracting universes start their evolution at the critical point C 2 corresponding to anti-de Sitter state and end at the critical points A 1 or A 2 for vanishing scale factor. Carefully chosen initial conditions lead to the critical point B. This critical point represents a saddle type critical point and single evolutional path lead form C 2 to it. For arbitrary initial conditions in the case of initially expanding universes the final state is the de Sitter state at the critical point C 1 . Most of the phase space diagrams are captioned with some range of the model parameters. This indicates that all the phase space diagrams in given range are topologically equivalent. Some diagrams are plotted for specific values of the model parameters to visualize the notion of structural instability, when two or more critical points merge leading to non-hyperbolic critical point. (bottom left), w m = 0 (bottom right).
Variability of G eff (φ) and its asymptotic values
Using the action integral for the Brans-Dicke theory (2.1) the field φ can be identified with the inverse of the effective gravitational coupling
which is a function of the spacetime location. Using the linearized solutions in the vicinity of the critical points we are able to find the linearized solutions for the field φ and then the asymptotic values of the effective gravitational coupling at the critical points. From the definition of the phase space variable x we have that
. From dynamical system analysis we have obtained the linearized solutions of the system in the vicinity of the critical points, which can be used to construct the linearized solutions for the field φ. Integrating latter equation with known linearized solution one obtains behavior of the field φ.
In the vicinity of the critical points:
, y * 1 = 0, denoted on the phase space diagrams as A 1,2 accordingly, from (3.11a) we have
Inserting this linearized solution into the equation (3.46) one obtains
and resulting behavior of the field φ up to linear terms in |∆x| ≪ 1 is
The critical point A 1 can be either an unstable node or a saddle type critical point for different values of ω BD and w m parameters. The asymptotic value of the field φ can be calculated only for the unstable node critical point. Taking limit one obtains
which indicates that the effective gravitational coupling constant vanishes at this point which indicates that in both asymptotic states the effective gravitational coupling constant tends to infinity
In the vicinity of the critical point x * 2 = 1−3wm 1+ω BD (1−wm) , y * 2 = 0, denoted on the phase space diagrams as B we have Figure 11 . The phase plane diagrams for system (3.10) in the so-called "O'Hanlon theory" ω BD = 0 for various matter content:
Inserting this solution in to equation (3.46) one obtains
(3.56) and dynamics of the field φ up to linear terms in |∆x| ≪ 1 is described by
Inspection of dynamics in the vicinity of this critical point indicates that in the case of an unstable node type critical point (both eigenvalues are positive λ 1 > 0 and λ 2 > 0) we obtain two different types of behavior of the effective gravitational coupling constant. For model parameters leading to x * 2 > 0 we have
While in the case when x * 2 < 0 we have
indicating that
The situation is reversed when we have a stable node critical point (both eigenvalues are negative λ 1 < 0 and λ 2 < 0). When x * 2 < 0 we obtain
On the other hand, while x *
In the vicinity of the critical point corresponding to the de Sitter expansion (contraction): x * 3 = 0, y * 3 = ±1, denoted on the phase space diagrams as C 1 and C 2 accordingly, we have
where x 3 (a) is linearized solution (3.26a) in the vicinity of critical point corresponding to de Sitter type evolution. In the case of stable node critical point we can calculate an asymptotic value of the scalar field φ at de Sitter state
which indicates the positive constant value of the field and hence the positive constant value of the effective gravitational coupling constant. Initial conditions in linearized solutions are arbitrary chosen in the vicinity of critical point. One can choose as initial conditions the present values (assuming that at present the evolution of universe is close to de Sitter state). Then the field φ takes the asymptotic value
with respect to the present value φ 3 (a 0 ) and Ω m,0 is the present value of the barotropic matter density parameter. Remembering that the phase space variable x is connected with the effective gravitational coupling
we obtain the value at the de Sitter state Using the linearized solution in the vicinity of these points (3.37a) and from (3.46) we obtain the linearized solution for the scalar field
As in the previous discussion concerning asymptotic value of the Hubble function (3.41) we have that the critical point under consideration is stable (the real parts of the eigenvalues λ 1 and λ 2 are negative) only for the phantom matter w m < −1. Thus we obtain the asymptotic value of the scalar field at the critical point
indicating that the effective gravitational coupling vanishes
asymptotically at the critical points under considerations.
Analysis at infinity
In order to obtain complete information about the dynamical behavior of the dynamical system (3.10) we need to perform the dynamical analysis at the infinity of the phase space.
To investigate dynamics of the system (3.10) at infinity we need to introduce two charts of projective variables
(3.74)
The dynamical system in the chart U (2) gives no critical points thus indicating no asymptotic states at infinity. We will be interested only in the dynamics in the chart U (1) . The system (3.10) in the chart U (1) takes the following form
where new 'time' η is defined as
The critical points of dynamical system are stationary states for which the right hand sides vanish. In the system under considerations we have only single critical point at infinity but for two different sets of the model parameters :
The eigenvalues of the linearization matrix calculated for both sets of parameters are:
and II :
, λ 2 = 1 indicating that the critical point under consideration in the first case is an unstable node in 'time' η while in the second case is a saddle type critical point.
In figure 12 we present the phase space diagrams equipped with a circle at infinity for the two sets of model parameters giving rise to two possible types of the critical points at infinity. The general cases are presented in figure 13 . Direction of the arrows indicates direction of the cosmological time.
For the model parameters giving rise to an unstable node critical point at infinity, the linearized solutions in the vicinity of the critical point are Figure 12 . Diagrams of the evolutional paths in the phase space compactified with circle at infinity for the model filled with dust matter w m = 0 and : ω BD = 0 (upper) , ω BD = −1 (lower). In both cases we have two critical points at infinity x → ±∞ , y → 0. In the first case, one is stable during expansion and the second one is unstable during expansion. In the second case the critical points are of a saddle type. Figure 13 . Diagrams of the evolutional paths in phase space compactified with circle at infinity for the model filled with dust matter w m = 0 and : ω BD > 0 (upper) , ω BD < −5/3 (lower). Diagrams plotted for fixed values (ω BD = 5 and ω BD = −2), all phase space diagram in given range are topologically equivalent. In these cases we do not have any critical points at infinity. The circle at infinity consists of bounces during the evolution of the universe.
where λ 1 = 1 and λ 2 = 3 2 are the eigenvalues for the linearization matrix calculated at the critical point for the conditions I.
Taking the time transformation (3.76) one can show that the critical point under considerations is achievable for the infinite value of 'time' η but for a finite value of the scale factor. We have
and finally, value of the scale factor at the critical point is
The initial conditions ∆u and ∆v in solutions (3.78) are of the same order and from the definition of the compactified variables we obtain
and the behavior of the Hubble function
Next, from the 'time' transformation and the definition of the variable u we obtain
Inserting this solution to the previous one we obtain that
the Hubble function in the vicinity of the critical point at infinity of the phase space is constant in linear approximation giving rise to the de Sitter evolution. As we have shown that the critical point is reached for a finite value of the scale factor, this process can be understood similarly to rigid ball bounce off a wall where the role of wall is played by the energy conservation condition. Using compactified polar coordinates (r, θ) defined as
one obtains that for an arbitrary set of model parameters the circle at infinity consists of critical points, i.e. the stationary solutions are in the form r = 1 and an arbitrary θ. The only possibility for the phase space variables (x, y) to acquire the infinite value while their ratio is still finite is through the vanishing Hubble function H = 0. Thus the circle at infinity in the phase space (x, y) consists of bounces during the evolution of universe. To demonstrate our claim we have plotted in figure 14 the cosmological time evolution of the Hubble function H(t), the scale factor a(t), the scalar field φ(t) and the barotropic matter density for the sample trajectory with the initial conditions taken at a bounce H (i) = 0. The bouncing solutions are admissible for ω BD < 0 (see the lower diagram on figure  12 , figure 15 and 16 ), while for ω BD < −3/2 there is possibility to obtain bouncing solutions connecting the anti-de Sitter state with the de Sitter state (see the lower diagram on figure 13 ). However the Brans-Dicke theory contains a ghost for ω BD < −3/2 and, thus, it is nonphysical in this region of the parameter of the theory.
Conclusions
There are, in principle, two possible ways to explain the current accelerated expansion of the Universe. In the first approach, some substantial form of matter is postulated and standard FRW equations are anticipated. In the second approach some modifications of Figure 15 . Diagrams of the evolutional paths in phase space compactified with circle at infinity for the model filled with dust matter w m = 0 and : −4/3 < ω BD < −1 (upper) , −3/2 < ω BD < −4/3 (lower). The circle at infinity consists of bounces during the evolution of the universe. For clarity of the presentation we omitted trajectories in the nonphysical region (see the bottom left diagram on figure 1 and the top left diagram on figure 2). Einstein equations are postulated instead of substantial matter of unknown form. One can call the first approach physical and the second one geometrical. In this scheme the cosmological constant Λ proposition is located in the middle of both approaches. In our paper we study dynamics of the Brans-Dicke cosmological models in the framework of dynamical systems theory. Following this theory, we are looking for the global dynamics visualized in the phase space. In our case we reduce the dynamics to a 2-dimensional dynamical system. Then we find the critical points and linearize the system around these singular solutions. We obtain the phase diagrams on the plane.
The advantage of such a visualization of dynamics is that we obtain all evolutionary paths for all admissible initial conditions. In the system under consideration, ω BD and the coefficient of equation of state for the barotropic matter play the role of bifurcation parameters. We study these bifurcations in detail to show how the structure of the phase space changes under the influence of these parameters. Following the Hartman-Grobman theorem [13] a linear part of the system is a good approximation in the vicinity of the critical point. From this fact one can derive the H 2 (a) relation important in cosmography which identifies the model with different form of dark energy. In this way on can translate the geometrical approach to dark energy into the substantial approach. In our case we have obtained, starting from the geometrical approach to the dark energy problem, the corresponding substantial form which can consequently be used in testing and selection of cosmological models by astronomical data.
Inclusion of the substantial form of cosmological constant w m = −1 leads to structurally unstable dynamical system, because of the presence of the degenerated critical point, which we treat as a exceptional one in the ensemble of all. Therefore such models form a bifurcation set in the ensemble.
The main aim of the paper was to explore the phase plane of the Brans-Dicke cosmology with a scalar field potential and barotropic matter. Investigation shows that the structure of the phase plane changes under changing model parameters (the parameter ω BD and the equation of state parameter w m ). We distinguish some representative cases of the phase diagrams. For the general form of the scalar field potential function dynamics of the model, due to a suitable choice of the state variables, can be reduced to a 3-dimensional dynamical system which in the special case of the quadratic potential function reduces to a 2-dimensional dynamical system. For this system, the phase space structure is studied in details. While the structure of the phase plane depends on the intervals for the model parameters, the generic feature of this phase plane is the presence of de Sitter attractor. From linearization of the system around this state we obtain the H 2 (a) relation in linear approximation, which almost corresponds to the ΛCDM model. In this correspondence the equation of state coefficient should be assumed arbitrary small but positive (dust matter is excluded).
Our consideration illustrates that nontrivial topology of the phase space can play important role in dynamical investigation of cosmology. The boundary of physical region of the phase space is formed by the trajectories representing vacuum solutions one can glue (with corresponding twist) opposite sides of this boundary. As a result we obtain a Moebius strip as a model of a regularized phase space.
Dark matter has an emergent character, i.e. the corresponding term containing ω BD in the H 2 (a) relation is mimicking a dark matter. Acceleration of the Universe also occurs in Brans-Dicke theory. The detailed analysis of the structure of phase plane shows the appearance of three other critical points. Among them there is a scaling solution important in the quintessence cosmology in the context of the coincidence problem.
Our investigation of dynamics of the simplest Brans-Dicke cosmological models shows in general how rich evolutional scenarios can be. The phase space structure admits a scaling solution important in the context of the acceleration conundrum as well as new scenarios of very early evolution are predicted by the model itself. Especially we have shown that scaling solution are represented by a global attractor in the phase space. At this state both energy densities of the scalar field and matter becomes proportional which can explain why today they are comparable if they are considered in terms on density parameters.
We have shown that predicted by the model classical bounce is generic property and is stable under small changes of initial conditions in the phase space both in the theory with a ghost (ω BD < −3/2) and without a ghost (−3/2 < ω BD < 0). This type of evolution appears if the loop quantum effects are included [20] . In the BransDicke cosmology it is purely classical effect. Moreover this bounce is asymmetric in cosmic time which can be used in description of direction of the time itself [21] . We discovered bouncing trajectories and their genericity after introducing of nontrivial topology of phase space (see figures 12, 13 and 15) as a consequence of removing degeneration at infinity. This indicates that a topological structure is important in exploration of dynamics of the cosmological models. On the other hand when the physical trajectories of the Brans-Dicke models are in a bounded region of the phase space then the structural stability can be discussed in strict way as the property of the system itself. 
